Ejercicios de Díez Calzada, pp. 206-207

DEMOSTRACIONES CON PREMISAS

116. (- (x(Rx ( ¬Qx)

1. (x(Px ( ¬Qx)
pr

2. (x(Rx ( Px)
pr

3. Pa(¬Qa

EU 1

4. Ra(Pa

EU 2

(5. Ra


hip

(6. Pa


MP 4,5

(7. ¬Qa

MP 3,6

8. Ra(¬Qa

ICd 5-7

9. (x(Rx ( ¬Qx)
IU 8

117. |- (x(Rx ( ¬Px)

1. (x(Px ( ¬Qx)
pr

2. (x (Rx ( Qx)
pr

3. Pa ( ¬Qa

EU 1

4 Ra ( Qa

EU 2

(5. Ra


hip

(6. Qa


MP 4,5

(7. ¬Pa


MT 3,6

8. Ra ( ¬Pa

ICd 5-7

9. (x(Rx ( ¬Px)
IU 8

118. (- (x(Rx(¬Px)

1. (x(Px(Qx)
pr

2. (x(Qx(¬Rx)
pr

3. Pa(Qa

EU 1

4. Qa(¬Ra

EU 2

(5. Ra


hip

(6. ¬¬Ra

DN 5

(7. ¬Qa

MT 4,6

(8. ¬Pa


MT 3,7

9. Ra(¬Pa

ICd 5-8

10. (x(Rx(¬Px)
IU 9

119. |- (x(Rx ( ¬Px)

1. (x(Px ( ¬Qx)
pr

2. (x (Rx ( Qx)
pr

(3. Ra ( Qa

(EE 2)

(4. Pa ( ¬Qa

EU 1

(5. Qa


EC 3

(6. ¬Pa


MT 4,5

(7. Ra


EC 3

(8. Ra ( ¬Pa

IC 6,7

(9. (x(Rx ( ¬Px)
IE 8

10. (x(Rx ( ¬Px)
EE 2, 3-9

120. (- (x(Rx ( Qx)

1. (x(¬Px(Qx)
pr

2. (x(Rx ( ¬Px)
pr

(3. Ra ( ¬Pa

(EE 2)

(4. ¬Pa(Qa

EU 1

(5. ¬Pa


EC 3

(6. Qa


MP 4,5

(7. Ra


EC 3

(8. Ra ( Qa

IC 6,7

(9. (x(Rx ( Qx)
IE 8

10. (x(Rx ( Qx)
EE 2, 3-9

121. |- (x(Px ( ¬Rx)

1. (x(Px ( ¬Qx)
pr

2. (x(Rx ( Qx)
pr

3. Pa ( ¬Qa

EU 1

4. Ra ( Qa

EU 2

5. Pa ( ¬Qa

EB 3

(6. Pa


hip

(7. ¬Qa

MP 5,7

(8. ¬Ra

MT 6,8

10. Pa ( ¬Ra

ICd 7-9

11. (x(Px ( ¬Rx)
IU 10

122. (- ¬(x(Rx(Px)

1. (x(Px(¬Qx)
pr

2. (x(Qx ( Rx)
pr

(3. (x(Rx(Px)
hip

((4. Qa ( Ra

(EE 2)

((5. Pa ( ¬Qa
EU 1

((6. Ra(Pa

EU 3

((7. Ra


EC 4

((8. Pa


MP 6,7

((9. Pa(¬Qa

EB 5

((10. ¬Qa

MP 8,9

((11. Qa

EC 4

((12. Qa ( ¬Qa
IC 10,11

(13. Qa ( ¬Qa

EE 2, 4-12

14. ¬(x(Rx(Px)
RA 3-13

123. |- (x(Qx ( ¬Px)

1. (x(Px ( Qx)
pr

2. (x(¬Px ( ¬Qx)
pr

3. Pa ( Qa

EU 1

4. ¬Pa ( ¬Qa

EU 2

5. ¬Pa ( Qa

DCD 3

6. ¬Qa ( ¬Pa

SD 4

7. Qa ( ¬Pa

DCD 6

8. Qa ( ¬Pa

IB 5,7

9. (x(Qx ( ¬Px)
IU 8

124. (- (x¬Qx

1. ¬(x(Px ( Qx)
pr

2. (xPx

pr

3. (x¬(Px ( Qx)
NEU 1

(4. Pa


(EE 2)

(5. ¬(Pa ( Qa)

EU 3

(6. ¬Pa ( ¬Qa

NCD 5

(7. ¬¬Pa

DN 4

(8. ¬Qa

EDN 6,7

(9. (x¬Qx

IE 9

10. (x¬Qx

EE 3, 4-9

125. |- (x(¬Px ( ¬Rx)

1. ¬(x(Px ( Qx)
pr

2. (x(Rx ( Qx)
pr

3. (x¬(Px ( Qx)
NUE 1

(4. ¬(Pa ( Qa)

(EE 3)

(5. ¬Pa ( ¬Qa

NDC 4

(6. Ra ( Qa

EU 2

(7. ¬Qa

EC 5

(8. ¬Ra

MT 6,7

(9. ¬Pa


EC 5

(10. ¬Pa ( ¬Ra
IC 8,9

(11. (x(¬Px ( ¬Rx)
IE 10

12. (x(¬Px ( ¬Rx)
EE 3, 4-11

126. (- (x¬Nx

1. (x(¬Bx(Nx)
pr

2. (xBx

pr

(3. Ba


(EE 2)

(4. ¬Ba(Na

EU 1

(5. Na ( ¬Ba

EB 4

(6. ¬¬Ba

DN 3

(7. ¬Na

MT 5,6

(8. (x¬Nx

IE 7

9. (x¬Nx

EE 8, 3-8

127. |- ¬Pb

1. (x(Px ( Qx)
pr

2. (x(¬Rx ( ¬Qx)
pr

3. Ra


pr

4. a=b


pr

5. Pa ( Qa

EU 1

6. ¬Ra ( ¬Qa

EU 2

7. ¬Qa


EDN 3,6

8. ¬Pa


MT 5,7

9 ¬Pb


SI 4,8

128. (- (xHx

1. ¬(x((y(y=a ( Py) ( Hx)
pr

2. (x¬Hx ( ¬(x(Pa ( ¬Hx)

pr

3. (x¬((y(y=a ( Py) ( Hx)
NEU 1

4. ¬((y(y=a ( Py) ( Hb)

EU 3

5. (y(y=a ( Py) ( ¬Hb

NCC 4

6. (y(y=a ( Py)


EC 5

7. a=a ( Pa



EU 6

8. a=a




II

9. Pa




MP 7,8

10. ¬Hb



EC 5

11. (x¬Hx



IE 10

12. ¬(x(Pa ( ¬Hx)


MP 2, 11

13. (x¬(Pa ( ¬Hx)


NUE 12

(14. ¬(Pa ( ¬Hb)


(EE 13)

(15. ¬Pa ( Hb



NCD 14

(16. ¬Pa



EDN 10,15

(17. Pa ( ¬Pa



IC 9,16

18. Pa ( ¬Pa



EE 13, 14-17

(19. ¬(xHx



hip

(20. Pa ( ¬Pa



rep 18

21. ¬¬(xHx



RA 19-20

22. (xHx



DN 21

129. |- Ga

1. (x(x=a ( ¬(y(Py ( Myx))
pr

2. ¬Ga ( ¬(y(Py ( ¬Mya)

pr

(3. ¬Ga



hip

(4. ¬(y(Py ( ¬Mya)


MP 2,3

(5. (y¬(Py ( ¬Mya)


NUE 4

((6. ¬(Pb ( ¬Mba)


(EE 5)
nótese que no puedo elegir la a

((7. Pb ( Mba



NCC 6

((8. a=a ( ¬(y(Py ( Mya)

EU 1

((9. a=a ( ¬(y(Py ( Mya)

EB 8

((10. a=a



I I

((11. ¬(y(Py ( Mya)


MP 9,10

((12. (y¬(Py ( Mya)


NEU 11

((13. ¬(Pb ( Mba)


EU 12

((14. (Pb ( Mba) ( ¬(Pb ( Mba)
IC 7,14

(15. (Pb ( Mba) ( ¬(Pb ( Mba)
EE 5, 6-14

16. Ga




RA 3-15

130. (- (x((yRxy(Px)

1. (xy (Rxy(Px)
pr

2. Rab(Pa

EUG 1

3. (yRay(Pa

IE 2

4. (x((yRxy(Px)
IU 3

131. |- (xy((Rxy ( Ryx) ( x=y)

1. (xy(Rxy ( ¬Rxy)

pr

(2. Rab ( Rba


hip

((3. ¬(a=b)


hip

((4. Rab ( ¬Rba

EU 1

((5. Rab


EC 2

((6. ¬Rba


MP 4,5

((7. Rba


EC 2

((8. Rba ( ¬Rba

IC 6,7

(9. a=b



RA 3-8

10. (Rab ( Rba) ( a=b
ICd 2-9

11. (xy((Rxy ( Ryx) ( x=y)
IU 10 Nótese que podemos introducir el ( porque la a y la b no están en las premisas ni en un supuesto no cancelado
132. (- (xRxx

1. (xy(Rxy(Ryx)

pr

2. (xyz((Rxy ( Ryz)(Rxz)
pr

3. (x(yRxy


pr

4. (yRay


EU 3

(5. Rab


(EE 4)

(6. Rab(Rba


EU 1

(7. Rba


MP 5,6

(8. (Rab ( Rba)(Raa
EU 2

(9. Rab ( Rba


IC 5,7

(10. Raa


MP 8,9

(11. (xRxx


IU 10 

12. (xRxx


EE 4, 5-11

La línea 11 introduce correctamente un universal, pues lo hace sobre una constante que resulta de la eliminación de un universal anterior, no sobre una constante de premisas o hipótesis.

DEMOSTRACIONES SIN PREMISAS

Recuérdese que en todas estas tendremos que emplear la estrategia de Reducción al Absurdo o Introducción al Condicional. Cuando la fórmula que hay que demostrar es un bicondicional, (( ( (), habrá que demostrar dos condicionales: ( ( ( y ( ( (
Recuérdese también que la demostración no termina hasta que hayamos sacado la fórmula que buscábamos fuera de las barras.

133. |- (x(Px ( Px)

(1. Pa

hip

(2. Pa

rep 1

3. Pa ( Pa
ICd 1-2

4. Pa ( Pa
rep 3

5. Pa ( Pa
IB 3,4

6. (x(Px ( Px)
IU 5 nótese que podemos universalizar sobre a, porque el supuesto en que la introducimos ya está cancelado.
134. (- (x¬(Px ( ¬Px)

(1. Pa ( ¬Pa

hip

(2. Pa ( ¬Pa

rep 1

3. ¬ (Pa ( ¬Pa)
RA 1-2

4. (x¬(Px ( ¬Px)
IU 3

135. |- (x(Px ( ¬Px)

(1. Pa

hip

(2. Pa

rep 1

3. Pa ( Pa
ICd 1-2

4. ¬Pa ( Pa
DCD 3

5. Pa ( ¬Pa
SD 4

6. (x(Px ( ¬Px)

136. (- (x (Px ( ¬¬Px)

(1. Pa

hip

(2. ¬¬Pa
DN 1

3. Pa(¬¬Pa
ICd 1-2

(4. ¬¬Pa
hip

(5. Pa

DN 4

6. ¬¬Pa(Pa
ICd 4-5

7. Pa(¬¬Pa
IB 3,6

8. (x (Px ( ¬¬Px)
IU 7

137. |- (xPx ( (xPx

(1. (xPx
hip

(2. Pa

EU 1

(3. (xPx
IE 2

4. (xPx ( (xPx
ICd 1-3

138. (- (x(yRxy((y(xRxy

(1. (x(yRxy

hip

((2. (yRay

(EE 1)

((3. Rab

EU 2

((4. (xRxb

IE 3

(5. (xRxb

EE 1, 2-4

(6. (y(xRxy

IU 5

7. (x(yRxy((y(xRxy

139. |- (x(Px ( Qx) ( ((xPx ( (xQx)

(1. (x(Px ( Qx)
hip

((2. Pa ( Qa

(EE 1)

((3. Pa


EC 2

((4. (xPx

IE 3

((5. Qa


EC 2

((6. (x Qx

IE 5

((7. (xPx ( (xQx
IC 4,6

(8. (xPx ( (xQx
EE 1, 2-7

9. (x(Px ( Qx) ( ((xPx ( (xQx) ICd 1-9

140. (- ((xPx ( (xQx)((x(Px ( Qx)

(1. (xPx ( (xQx
hip

((2. ¬(Pa ( Qa)
hip

((3. ¬Pa ( ¬Qa
NDC 2

((4. ¬Pa

EC 3

((5. (x¬Px

IE 4

((6. ¬(xPx

NUE 5

((7. (xQx

EDN 1,6

((8. Qa


EU 7

((9. ¬Qa

EC 3

((10. Qa ( ¬Qa
IC 8,9

(11. ¬¬(Pa ( Qa)
RA 2-10

(12. Pa ( Qa

DN 11

(13. (x(Px ( Qx)
IU 12

14. ((xPx ( (xQx)((x(Px ( Qx)
ICd 1-13

141. |- (x(Px ( Qx) ( ((xPx ( (xQx)

(1. (x(Px ( Qx)
hip
el antecedente del condicional principal que buscamos

((2. (xPx

hip
el antec. del condicional que es consecuente del anterior

(((3. ¬(xQx

hip
la negación del consecuente de este último condicional

(((4. (x¬Qx

NUE 3

((((5. ¬Qa

(EE 4)

((((6. Pa ( Qa
EU 1

((((7. ¬Pa

MT 5,6

((((8. Pa

EU 2

((((9. Pa ( ¬ Pa
IC 7,8

(((10. Pa ( ¬ Pa
EE 4, 5-9

((11. (xQx

RA 3-10

(12. (xPx ( (xQx
ICd 2-12

13. (x(Px ( Qx) ( ((xPx ( (xQx)
ICd 1-11

142. (- (x(Px(Qx)(((xPx ((xQx)

(1. (x(Px(Qx)
hip

((2. (xPx

hip

((3. Pa(Qa

EU 1

((4. Pa(Qa

EB 3

((5. Pa


EU 2

((6. Qa


MP 4,5

((7. (xQx

IU 6

(8. (xPx ((xQx
ICd 2-7

((9. (xQx

hip

((10. Pa(Qa

EU 1

((11. Qa(Pa

EB 10

((12. Qa

EU 9

((13. Pa

MP 11,12

((14. (xPx

IU 13

(15. (xQx ((xPx
ICd 9-14

(16. (xPx ((xQx
IB 8,15

17. (x(Px(Qx)(((xPx ((xQx)
ICd 1-16

143. |- ((xPx ( (xQx) ( (x(Px ( Qx)

(1. (xPx ( (xQx
hip

((2. ¬(x(Px ( Qx)
hip

((3. (x¬(Px ( Qx)
NEU 2

((4. ¬(Pa ( Qa)
EU 3

((5. Pa ( ¬Qa

NCC 4

((6. Pa


EC 5

((7. (xPx

IE 6

((8. (xQx

MP 1,7

((9. ¬Qa

EC 5

((10. (x¬Qx

IU 9
nótese que la a sale de un ( anterior
((11. ¬(xQx

NEU 10

((12. (xQx ( ¬(xQx
IC 8,11

(13. (x(Px ( Qx)
RA 2-12

14. ((xPx ( (xQx) ( (x(Px ( Qx)
ICd 1-13

144. (- (x(Px(Qx) ( (x (Px(Qx)

(1. (x(Px(Qx)
hip

(2. Pa(Qa

EU 1

(3. (x (Px(Qx)
IE 2

4. (x(Px(Qx) ( (x (Px(Qx) ICd 1-3

145. |- (x(Px ( Qx) ( (x(Px ( Qx)

(1. (x(Px ( Qx)
hip

((2. ¬(x(Px ( Qx)
hip

((3. (x¬(Px ( Qx)
NEU 2

((4. ¬(Pa ( Qa)
EU 3

((5. Pa ( Qa

EU 1

((6. (Pa ( Qa) ( ¬(Pa ( Qa)
IC 4,5

(7. (x(Px ( Qx)
RA 2-6

8. (x(Px ( Qx) ( (x(Px ( Qx)
ICd 1-7

146. (- (y(Fy((xFx)

(1. ¬(y(Fy((xFx)
hip

(2. (y¬(Fy((xFx)
NEU 1

(3. ¬(Fa((xFx)
EU 2

(4. Fa ( ¬(xFx
NCC 3

(5. Fa


EC 4

(6. (xFx

IU 5

(7. ¬(xFx

EC 4

(8. (xFx ( ¬(xFx
IC 6,7

9. ¬¬(y(Fy((xFx)
RA 1-8

10. (y(Fy((xFx)
DN 9

147. |- (y((xFx ( Fy)

(1. ¬(y((xFx ( Fy)
hip

(2. (y¬((xFx ( Fy)
NEU 1

(3. ¬((xFx ( Fa)
EU 2

(4. (xFx ( ¬Fa
NCC 3

(5. ¬Fa


EC 4

(6. (x¬Fx

IU 6
nótese que la a sale de un ( anterior
(7. ¬(xFx

NEU 6

(8. (xFx 

EC 4

(9. (xFx ( ¬(xFx
IC 7,8

10. (y((xFx ( Fy)
RA 1-9

148. (- (xPx(¬(x¬Px

(1. (xPx
hip

(2. ¬(x¬Px
DUE 1

3. (xPx(¬(x¬Px
ICd 1-2

(4. ¬(x¬Px
hip

(5. (xPx
DUE 4

6. ¬(x¬Px((xPx
ICd 4-5

7. (xPx(¬(x¬Px
IB 3,6

149. |- (xPx ( ¬(x¬Px

(1. (xPx

hip

(2. ¬(x¬Px

DEU 1

3. (xPx ( ¬(x¬Px
ICd 1-2

(4. ¬(x¬Px

hip

(5. (xPx 

DEU 4

6. ¬(x¬Px ( (xPx 
ICd 4-5

7. (xPx ( ¬(x¬Px
IB 3,6

150. (- (x¬Px (¬(xPx

(1. (x¬Px
hip

(2. ¬(xPx
NEU 1

3. (x¬Px (¬(xPx
ICd 1-2

(4. ¬(xPx
hip

(5. (x¬Px
NEU 4

6. ¬(xPx((x¬Px
ICd 4-5

7. (x¬Px (¬(xPx
IB 3,6

151. |- (x¬Px ( ¬(xPx

(1. (x¬Px

hip

(2. ¬(xPx

NUE 1

3. (x¬Px ( ¬(xPx
ICd 1-2

(4. ¬(xPx

hip

(5. (x¬Px 

NUE 4

6. ¬(xPx ( (x¬Px 
ICd 4-5

7. (x¬Px ( ¬(xPx
IB 3,6

152. (- (x(Px(Qx) (¬(x(Px ( ¬Qx)

(1. (x(Px(Qx)
hip

((2. (x(Px ( ¬Qx)
hip

(((3. Pa ( ¬Qa
(EE 2)

(((4. Pa (Qa

EU 1

(((5. Pa

EC 3

(((6. Qa

MP 4,5

(((7. ¬Qa

EC 3

(((8. Qa ( ¬Qa
IC 6,7

((9. Qa ( ¬Qa

EE 2, 3-8

(10. ¬(x(Px ( ¬Qx)
RA 2-9

11. (x(Px(Qx) (¬(x(Px ( ¬Qx)
ICd 1-10

(12. ¬(x(Px ( ¬Qx)
hip

(13. (x¬(Px (¬Qx)
NEU 12

(14. ¬(Pa ( ¬Qa)
EU 13

((15. ¬(Pa(Qa)
hip

((16. Pa ( ¬Qa
NCC 15

((17. (Pa ( ¬Qa) ( ¬(Pa ( ¬Qa) IC 14,16

(18. ¬¬(Pa(Qa)
RA 15-17

(19. Pa(Qa

DN 18

(20. (x(Px(Qx)
IU 19

21. ¬(x(Px ( ¬Qx)( (x(Px(Qx)
ICd 12-20

22. (x(Px(Qx) (¬(x(Px ( ¬Qx)
IB 11, 21

153. |- (x(Px ( Qx) ( ¬(x(Px ( ¬Qx)

(1. (x(Px ( Qx)

hip

((2. (x(Px ( ¬Qx)

hip

(((3. Pa ( Qa


(EE 1)

(((4. Pa ( ¬Qa

EU 2

(((5. Pa


EC 3

(((6. ¬Qa


MP 4,5

(((7. Qa


EC 2

(((8. Qa ( ¬Qa

IC 6,7

((9. Qa ( ¬Qa


EE 1, 3-8

(10. ¬(x(Px ( ¬Qx)

RA 2-9

11. (x(Px ( Qx) ( ¬(x(Px ( ¬Qx)
ICd 1-10

(12. ¬(x(Px ( ¬Qx)

hip

((13. ¬(x(Px ( Qx)

hip

((14. (x¬(Px ( Qx)

NEU 13

((15. (x¬(Px ( ¬Qx)
NUE 12

(((16. ¬(Pa ( ¬Qa)

(EE 15)

(((17. Pa ( Qa

NCC 16

(((18. ¬(Pa ( Qa)

EU 14

(((19. (Pa ( Qa) ( ¬(Pa ( Qa)
IC 17,18

((20. (Pa ( Qa) ( ¬(Pa ( Qa)
EE 15, 16-19

(21. (x(Px ( Qx)

RA 13-20

22. ¬(x(Px ( ¬Qx) ( (x(Px ( Qx)
ICd 12-21

23. (x(Px ( Qx) ( ¬(x(Px ( ¬Qx)
IB 11,22

154. (- (x(Px(Qx)((x(¬Qx(¬Px)

(1. (x(Px(Qx)
hip

((2. ¬(¬Qa(¬Pa)
hip

((3. ¬Qa ( ¬¬Pa
NCC 2

((4. ¬¬Pa

EC 3

((5. Pa


DN 4

((6. Pa (Qa

EU 1

((7. Qa


MP 6,7

((8. ¬Qa

EC 3

((9. Qa ( ¬Qa

IC 7,8

(10. ¬¬(¬Qa(¬Pa)
RA 2-9

(11. ¬Qa(¬Pa
DN 10

(12. (x(¬Qx(¬Px)
IU 11

13. (x(Px(Qx)((x(¬Qx(¬Px)

Para obtener el otro condicional (x(¬Qx(¬Px)( (x(Px(Qx) se procede de manera análoga y se cierra la demostración uniendo en un bicondicional los dos condicionales obtenidos.

155. |- (x(Px ( Qx) ( (x(Qx ( Px)

(1. (x(Px ( Qx)

hip

((2. Pa ( Qa


(EE 1)

((3. Qa ( Pa


SC 2

((4. (x(Qx ( Px)

IE 3

(5. (x(Qx ( Px)

EE 1, 2-4

6. (x(Px ( Qx) ( (x(Qx ( Px)
ICd 1-5

(7. (x(Qx ( Px)

hip

((8. Qa ( Pa


(EE 7)

((9. Pa ( Qa


SC 8

((10. (x(Px ( Qx)

IE 9

(11. (x(Px ( Qx)

EE 7, 8-10

12. (x(Qx ( Px) ( (x(Px ( Qx)
ICd 7-11

13. (x(Px ( Qx) ( (x(Qx ( Px)
IB 6,12

156. (- (x(yRxy ((y(xRxy

(1. (x(yRxy

hip

(2. Rab

EUG 1

(3. (xRxb

IU 2

(4. (y(xRxy

IU 3

5. (x(yRxy ((y(xRxy

Para obtener el condicional que falta se procede de la misma manera en la otra dirección.

157. |- (x(yRxy ( (y(xRxy

(1. (x(yRxy

hip

((2. (yRay

(EE 1)

(((3. Rab

(EE 2)
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(((5. (y(xRxy
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((6. (y(xRxy
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(7. (y(xRxy
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8. (x(yRxy ( (y(xRxy
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... exactamente lo mismo para obtener el otro (
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16. ((xPx ( (xQx)( (x(Px ( Qx)
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17. (x(Px ( Qx) ( ((xPx ( (xQx)
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he aquí otro modo de seguir:
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30. ((xPx ( (xQx) ( (x(Px ( Qx) 
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ED 16, 22, 29
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