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Mean Curvature Flow

Assume that
@ (N",g) is a n-dimensional Riemannian manifold;

@ M™!is a smooth, compact (n — 1)-dimensional manifold without boundary.

A smooth family of immersions F'(-,¢) : M™~! x [0,T) — N™ evolves by

mean curvature flow if
oF I
- _Hv
ot

where —Hv is the mean curvature vector.

Let 2 C N™ be a bounded, open set with smooth, mean convex boundary,
meaning that H > 0.

Under the flow, the evolving hypersurface ¥; := F(M" 1 t) remains
mean convex and thus moves monotonically inward.

A Singularities may form and the flow cannot be classically prolonged.



Arrival time function

The Arrival Time Function v : Q0 — R records the time when the front ¥,
reaches a point x € €Q:

Y ={z € Q|u(zx) =t}
We can formulate the problem weakly as

{—1 = Au—VVu (8, 2e)  in®,

1
u=20 on 0f). ()

This formulation provides a weak continuation of the flow past singularities.

A Equation (1) reduces to H = ﬁ > 0 meaningful only in the
mean convex case.

Theorem (Evans-Spruck) If 02 C R" is strictly mean convex then there
exists a unique Lipshitz viscosity solution to (1).



Gradient estimate

A key tool for existence is the gradient estimate
|Vul*(z) < max |Vul?
0

which is not sharp.

We are interested in a (possibly) Sharp gradient estimate. Why?

@ Understand to what extent the theory of mean convex MCF can work
outside of R™.

@ Possible geometric interpretations.

Theorem (G.B., M. Fogagnolo, V. Franceschi)

0f) C R™ strictly mean convex, u arrival time function for the mean curva-
ture flow. Then for any z € €2

2u
n—

2 < 2
[|Vu| + 1] (z) < né%x|Vu| .




Extinction time estimate

On smooth points of the evolving ¥; = {u = t}

1 n 2t < 1
— max —
H%t n—17~ 8Q H?2

Corollary: Sharp extinction time estimate

The extinction time T},.x = maxg u satisfies

n—1
T < M 7

Let Sgr be the sphere of radius R > 0 in R"™. lts

mean curvature is H = ”T?l, and the Ty, is

Thax = ———~ — max ———



Gradient estimate for Ricci bounded from below

Let (N™, g) be a Riemannian manifold with Ric > —k. If u solves
MCF in a smooth mean convex ) C M, then

e—2ku(m)(|vu(x)|2 _ ﬁ) < I%%X<|Vu|2 _ ﬁ) Vz € Q.

Equality achieved on geodesic balls in the space form of constant

k
curvature P

Riemannian approximations. In each H. we have Ric > —k., hence the
same inequality holds with k.. But as ¢ — 0 we have k. — +o0, and

e—zkgu($)<|vu(x)!2 - ﬁ) — 0

so the estimate degenerates and yields no useful uniform gradient bound.



Right gradient estimate «

Consider the solution v’ in Q. to the regularized equation (elliptic)

. z'Us j'Us e ye
-1=A..° Z Vo XX e’

i,j=1

we search for a gradient estimates in order to get ||v65UEHLoo<BQ) <C.

© We need a Bochner formula providing an elliptic operator for |V u?|?, in order
to apply the maximum principle.
Using right-invariant derivatives (X, X2, X3), rather than left-invariant ones:

Ac(IVef?) = 2 [IVe(X1H)2 + [Ve(Xaf)2 + 2[Ve(X3f)2] +2(Vef, VAL f).

We find an elliptic operator such that L|V.uZ|? > 0, then by Maximum Principle

Vel Lo,y < Cn)|IVetl| L oa,)-



Gradient estimate — non-characteristic

Barrier argument: constructing a subsolution of the form

S
w=Ag(d), g(z)=log ” - ~» d(p) = dp(p,09)

we find that the derivatives are bounded, which yields

IVetd|| oo a0y < Lip(w), V8 < &g, € < €.

A This strategy requires finding £ > 0 and sy > 0 such that
H.{peR3:d(p)=5}) >0, Y0O<e<Eg, s<sg.

This holds only in the non-characteristic case: for the Pansu sphere
H_. — 0 near characteristic points .



Gradient estimate - axisymmetric

Under axisymmetric assumption holds that

]@SU‘QQ = ’Vaug‘Q

Using a specific case of the more general Brakke’s Local Regularity
Theorem we can pass to the limit

|Voul| = |Veue|, asd — 0on dQ..

Hence we obtain the gradient estimate
1
IVeue|| oo,y < C(n)[|Vete|| L o0,y < C(n) sup 77 < G,

exploiting the Mean convexity assumption.
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