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@ Most of the regularity results of the H-minimal surface in H" start
with some initial regularity.
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@ Most of the regularity results of the H-minimal surface in H" start
with some initial regularity.

@ De Giorgi's regularity theory of the perimeter minimizer in R" does
not need any initial regularity.

@ Aiming to reproduce De Giorgi's theory within the context of the
Heisenberg group H".
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The Heisenberg group H"

@ The Heisenberg group H" is a nilpotent lie group: C" x R with
coordinates (z,t) and group law

(z,t)x ()= (z+ 2, t+t' = 2Im(z,Z)),

o Lie algebra spanned by left-invariant vector fields :

9 P 9 P P
x =2 1o vy, = 2 -2
K= % TP T 5y T e ot
where z, = x, + iyx, k=1,...,n.

@ Horizontal subbundle H of TH":

H(p) := Hp = Span{Xi(p), ..., Xa(p), Ya(p), .-, Ya(p)}.

e Dilation: d)\(z,t) = (Az, \%t)

@ Box Norm: ||pllec = maX{\Z’a Ml/z}-

1

@ Homogeneous distance: d(p, q) = ||p_ * quo.
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Horizontal perimeter

Definition

For a measurable set E C H"” and an open set 2 C H", the H-perimeter of
E in Q is defined as:

Pery(E; Q) = sup {/ divy Vdzdt : V € CHQ;R?"), ||V ]| < 1},
E

where V = Zle ViX; + VhyjYj and divyV = ZJ"ZIXJ\/J + Y;Voyj.
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Horizontal perimeter

Definition

For a measurable set E C H"” and an open set 2 C H", the H-perimeter of
E in Q is defined as:

Pery(E; Q) = sup {/ divy Vdzdt : V € CHQ;R?"), ||V ]| < 1},
E

where V = Zle ViX; + VhyjYj and divyV = ZJ"ZIXJ\/J + Y;Voyj.

v

e E is an H-Caccioppoli set in Q if for any open set A C Q, Pery(E; A)
is finite.
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Horizontal inner normal

Definition
We can extend pg(A) := Pery(E; A) as a Radon measure pg on Q. By
the Riesz representation theorem, there exists a Borel function

ve : Q — R2" (horizontal inner normal) such that |vg| = 1ug a.e. and the
following formula

/ <\/7 I/E> dHE = —/ divy Vdzdt
Q Q

holds for any V € C} (Q;R?").
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Horizontal inner normal

Definition
We can extend pg(A) := Pery(E; A) as a Radon measure pg on Q. By
the Riesz representation theorem, there exists a Borel function

ve : Q — R2" (horizontal inner normal) such that |vg| = 1ug a.e. and the
following formula

/ <V, I/E> d,uE = —/ divy Vdzdt
Q Q

holds for any V € C} (Q;R?").

e When JE is smooth, vg(p) = f,g(_y'sz)’;) for p € OE, where P is the

orthogonal projection onto the horizontal subbundle H.
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H-perimeter minimizing

Let Q, denote the homogeneous cube centered at 0 with radius r:

QrZ{(Z,t)G]H[":|x,-\<r,\y,-]<r,\t]<r2,i:1,...,n}.

Definition
A H-Caccioppoli set E is H-perimeter minimizing in Q, if:

PH(E, Qr) < Pu(F, @),

for any set F C H" such that the symmetric difference E A F is a compact
subset of Q..

v
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Strongly H-periemeter minimizing

—Yi,+ ) L
Let Q,1 the closure of the cube @, relative to the direction Y7 as

QM =) el i —r<y <r pal<r |t| <P

r

and |xi|,|yil < rfori=2,... n}

Definition (Monti)
A H-Caccioppoli set E is strongly H-perimeter minimizing in some
neighborhood U of 0, if for any Q, C U,

PH(E, Qr) S PH(F7 Qr)> (1)

for any set F C H" such that (E A F)N @, is a compact subset of arymL.

v
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Reduced boundary:

Definition
The reduced boundary 0E is the set of points p where,

1

r“_f;ﬂom/r ve due = ve(p),

and |ve(p)| = 1.
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Reduced boundary:

Definition
The reduced boundary 0E is the set of points p where,

1

r“_f;ﬂom/r ve due = ve(p),

and |ve(p)| = 1.

Key facts.

e If E is C1, then O0}yE = OE and vg is the usual horizontal inner
normal.

e g € 94E if and only if 7, (q) € 0 (T5E)
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Excess

Take any p € H”, r > 0, and v € §2". The v—directional horizontal
excess of E in B,(p) is

1
Exc(E, B/(p),v) = Fant1 /B( ) lve(p) — v|due.
H(p

The horizontal Excess of E in B,(p) is

Exc(E, B.(p)) = mjgr; Exc(E, B,(p), v).
veS"
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H(p
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e If 0 € 9*E, then we can find a sequence r, — 0 such that
Exc(E, By,,ve(0)) — 0. The rescaled set E, = 6/, (E) converges to
some limit set Eq in L' with Exc(Ey, By, vg(0)) = 0.
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Excess

Take any p € H”, r > 0, and v € §2". The v—directional horizontal
excess of E in B,(p) is

1
Exc(E, B/(p),v) = Fant1 /B( ) lve(p) — v|due.
H(p

The horizontal Excess of E in B,(p) is

Exc(E, B.(p)) = mér; Exc(E, B,(p), v).
veS"

e If 0 € 9*E, then we can find a sequence r, — 0 such that
Exc(E, By,,ve(0)) — 0. The rescaled set E, = 6/, (E) converges to
some limit set Eq in L' with Exc(Ey, By, vg(0)) = 0.

@ For n > 2: Ey is a half-space;
For n =1: Ey might be a non-planar Y-ruled graph. (t=2xy)
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De Giorgi's method

@ Lipschitz Approximation (Scheon and Simon): E is a perimeter
minimizing set in Bi(x), it can be approximate by some Lipschitz
function f where the area of the difference is bounded by some
constant times the excess.

o Approximating sequence: Pick a decreasing sequence ry, — 0, a point
x in the reduced boundary 9*E.

Let f,, be the approximate function of E,, = Er—_hx When ry, is small,
the excess of E;, in By is small. Then f,, almost is flat and almost a
minimizer of the Dirichlet functional

D(f) = 5 [ IVhlx)ex
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De Giorgi's method

e Harmonic approximation: f;, - C(Exc(E,,, B1)) weakly converges to
some harmonic function f in W12,
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De Giorgi's method

e Harmonic approximation: f;, - C(Exc(E,,, B1)) weakly converges to
some harmonic function f in W12,

@ Decay Estimate: There exists a €9 > 0 such that for x € OE,

[y

Exc (E, B/(x)) < g0 = Exc(E, Bir(x)) < = Exc(E, B/(x)),

2
for some k € (0, 1) sufficiently small.

@ lterating the decay estimate, we get OF is locally a boundary of a
C7 function g for some ~y € (0, 1).

@ Schauder’s estimate: By Schauder-type estimate, the reduced
boundary 9*E is C1® for any « € (0, %)
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Intrinsic graphs

Definition
Let W = {(z,t) € H", x; = 0} = R?" be the vertical hyperplane, for
v : W — R, we define the intrinsic graph of ¢ as

gr(p) ={wxp(w):we W}
and the intrinsic epigraph of ¢ as

E,={(wxs):we W,s>op(w)}

where w x s := (z + ser, t +2y1s), e1 = (1,0,...,0) € R?",
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Intrinsic Lipschitz graph

Definition
An intrinsic graph gr() is L-intrinsic Lipschitz with L € [0, co) if for all
p;q € gr(v),

Ix1(p) — x1(q)| < Ld(p, q),

where x1(p) is the xj-coordinate function.
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Intrinsic Lipschitz graph

Definition

An intrinsic graph gr() is L-intrinsic Lipschitz with L € [0, co) if for all
p,q € gr(e),
x1(p) = x1(q)| < Ld(p, q),

where x1(p) is the xj-coordinate function.

We define the intrinsic gradient of ¢ by

(%

V¥ p = <X2g0, o, Xno, o
Y1

5]
— 4gpa—f, Yo, ..., Y,,gp)

Theorem (Bigolin-Caravenna-Serra Cassano)

gr(y) is an intrinsic Lipschitz graph if and only if Vg € L2 (D; R?™1)
exists in the sense of distribution.

13/26



Figures of an intrinsic Lipschitz graph
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Lipschitz approximation

Theorem (Monti)

For L > 0, n > 2, there exists some constant k > 1 such that for any
H-perimeter minimizing set E in By,, with 0 € 0*E, there exists an
L—intrinsic Lipschitz function ¢ : W — R such that

S ((gr(p) A OE) N By) < (L, n)(kr)*"** Exc (E, By, X1).,
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Lipschitz approximation

Theorem (Monti)

For L > 0, n > 2, there exists some constant k > 1 such that for any
H-perimeter minimizing set E in By,, with 0 € 0*E, there exists an
L—intrinsic Lipschitz function ¢ : W — R such that

S ((gr(p) A OE) N By) < (L, n)(kr)*"** Exc (E, By, X1).,

@ For n > 2, small excess = intrinsic Lipschitz graph with slope
proportional to v Exc .
For n =1, you only have a universal bound on the Lipschitz constant.
@ This theorem also holds for n = 1, but the Lipschitz constant L has to
be suitably large.
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Approximating sequence

Let E C H" be a perimeter minimizing set in Q1 with 0 € 0*E,
ve(0) = X1. One can find a sequence of real numbers r, — 0" such that
Ep = d1/,,(E) satisfy the following properties:

© €6 € e

0 € 0*Ep, and VEh(O) =X .
Each set Ep, is H-perimeter minimizing.
Exc(Ep, B1, X1) = (1)? :=< } since excess is dilation invariant.

Each set Ej, can be approximate by some L-intrinsic function
wp: W —=R.
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Existence of limit

The sobolev space W,_l,’z(D) is the set of all ¢ € L2(D), such that the
distributional derivatives in V ¢ are square integrable, where

0
vH‘P: <X2§07---7Xn§07£7Y2¢7---7Yn >

Theorem (Monti)

Following from the construction above, there exists an open neighborhood
D C W of 0, real constants py, a limit function ¢ € W,},’z(D) and a
selection of indices k — hy such that as k — oo,

Phy —Phy

— weakly in L?(D),
Mhy
v hi ©h (2)
o = Vi weakly in L* (D;R*""1) .
k
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Properties of limit function

Theorem (revision)

o If E is H-perimeter minimizing in some neighborhood of 0 € H", the
limit function ¢ solves the following equation weakly in Dy /4

0
Aoy =0, 3
By, Do (3)

where Ao = 55 + Y7, X + V7.

o If E is strongly H-perimeter minimizing in some neighborhood of
0 € H", then the limit function ¢ solves the following equation weakly
in D]_/4.'

Dop =0 (4)

v
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Contact flows

o A diffeomorphism W : H" — H" is a contact map if dV(H) C H.
Contact diffeomorphisms are the only diffeomorphisms that preserve
the H-perimeter.
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A one-parameter flow (Ws)scr of H" is a contact flow if each Vs is a
contact map
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Contact flows

o A diffeomorphism W : H" — H" is a contact map if dV(H) C H.
Contact diffeomorphisms are the only diffeomorphisms that preserve

the H-perimeter.

Definition
A one-parameter flow (Ws)scr of H" is a contact flow if each Vs is a

contact map

@ Examples:
- Left translations: (z,t) — (z+ 2/, t + 2/ — 2Im(z, 2}).
- Rotations: (z,t) — (R(z2), t).
- Dilations: (z, t) — (Az, A%t).

@ Vertical Dilation (z, t) — (z, At) is not contact.
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Generating function of contact flow

@ Given a contact vector field V,, generated by 1) € C*>(Q)

n

Vi =Y (V) X; — (X)) Y; — 4y T.

j=1
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Generating function of contact flow

@ Given a contact vector field V,, generated by 1) € C*>(Q)

n

Vi =Y (V) X; — (X)) Y; — 4y T.

j=1

@ Then there is a corresponding contact flow W : [—§, ] x Q — H",
such that for any s € [=6,0], and p € Q, the following relation holds:

\Ul(57 P) = V¢(W(S, p))v

We say that the flow is generated by 1.
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Step 1: set up

@ We assume the generating function 1) € C*°(H") for the contact flow
VY : [—0,0] x D1 — H" is of the form

1
¥ =a+xp+5x7,
where a, 8,7 are smooth functions in H"” such that

Xia=X18=Xyy=0in Qo
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Step 1: set up

@ We assume the generating function 1) € C*°(H") for the contact flow
VY : [—0,0] x D1 — H" is of the form

1
1/} =« +Xlﬁ + §X]%77
where a, 8,7 are smooth functions in H"” such that

Xia=X18=Xyy=0in Qo

o If E is H-perimeter minimizing in @, we assume:

ae CE(Qup), (5)

then Py(Ep, Q1) < Pu(Vs(En), Q1) -
o If E is strongly H-perimeter minimizing in @1, we assume

y1
oz(yl,zz,...,zn,t):/ Yo (s,z2,...,2n,t)ds, y;1 €R, zi €C,
0
(6)

21/26

where 99 € CZ° (D1/2) and X;9 = 0.



’

Step 2: First variation under contact flow

Theorem (Monti)

Let W be the contact flow generated by V,,. We have the following first
variation formula for any s € [—4, ],

’ASPGFH(E, Q) = S/ {4(/’1 I 1)T¢ = Lw (I/E)} d,uE < CPH(E, Q)S2
Q

(7)
where AsPery(E, Q) = Pery(Vs(E), Vs(Q)) — Pery(E,Q), and

Ly (Zx,x +yY; ) Zx,xjxymx,y,(ij XiXih)=yiy; YiXit)
j=1 ij=1
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Step 2: First variation under contact flow

Theorem (Monti)
Let W be the contact flow generated by V,,. We have the following first
variation formula for any s € [—4, ],

’ASPGFH(E, Q) = S/ {4(/’1 I 1)T¢ = Lw (I/E)} d,uE < CPH(E, Q)S2
Q

(7)
where AsPery(E, Q) = Pery(Vs(E), Vs(Q)) — Pery(E,Q), and

Ly (Zx,x +j ) Zx,xjxymx,y,(ij XiXih)=yiy; YiXit)

j=1 ij=1

’

Minimality condition implies

1
Jm o | {4(n F1)TY+ Lw(VE%)} dw =0, (8)
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Step 3: Further Simplification

Theorem (Citti,Manfredini,Pinamonti,Serra Cassano)

The horizontal inner normal ve, = (vx, -,V Vvy, - - - Vy,) Is of the

form:
1 —V¥p(w)
vE,(w - p(w)) = , .
(Vl + [Vep(w)P /14 vw(wnz)
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Step 3: Further Simplification

Theorem (Citti,Manfredini,Pinamonti,Serra Cassano)

The horizontal inner normal ve, = (vx, -,V Vvy, - - - Vy,) Is of the
form:
i —V¥p(w)
Ve, (W - p(w)) = > >
V1+IV2ew)R 1+ [Vep(w)]

@ Separate Lw(uE(ph) = L1 + Ly, where Ly is a quadratic form that
contains vx, and L is the rest of L
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Step 3: Further Simplification

Theorem (Citti,Manfredini,Pinamonti,Serra Cassano)

The horizontal inner normal ve, = (vx, -,V Vvy, - - - Vy,) Is of the
form:
i —V¥p(w)
Ve, (W - p(w)) = > >
V1+IV2ew)R 1+ [Vep(w)]

@ Separate Lw(uE(ph) = L1 + Ly, where Ly is a quadratic form that
contains vx, and L is the rest of L

@ Since oy, is intrinsic L—Lipschitz, we can assume ||La|| < A||V%hgy||
for some constant A, then

A
lim / |Lo| dw < I|m /A|V9"hg0h\ dw < I|m —conh—O
oo Tlh

h—oc0 Tp
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Step 4: Expanding the quadratic form

@ In L1, when we set 8 = v = 0, for quadratic term that is of the form
YiYi(¥)vx, vy, = Y Yi(a)vx vy, for i=1,---n. we have,

1 Y:Y; :
lim / (ivao)vgvy, =/ Yiay, - Vi
h—oomn Jp Mh D

24/26



Step 4: Expanding the quadratic form

@ In L1, when we set 8 = v = 0, for quadratic term that is of the form
YiYi(¥)vx, vy, = Y Yi(a)vx vy, for i=1,---n. we have,

1 Y;Y; .
lim /(104)%”%:/%.%%
h=ooMh JD Th D

@ The error occurred when Monti was expanding the term X;X11. It
should be ~ instead of x; X1y when j = 1. The later will vanish in the
limit, which caused the final integral in his proof to miss a term yyp,,.
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Final results

@ The final equation is of the form:

/D (4(n — 1)Be + 1)@ — oy Y20+ 7oy —

=Y (X, + YiB)Xio + (Yiay, — XiB)Yigldw = 0.
i=2
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Final results

@ The final equation is of the form:

/D (4(n — 1)Be + 1)@ — oy Y20+ 7oy —

=Y (X, + YiB)Xio + (Yiay, — XiB)Yigldw = 0.
i=2

o Letting 8 =~ = 0, by integration apart, we obtain

9 pgpd
== [y ter
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Final results

@ The final equation is of the form:

/D (4(n — 1)Be + 1)@ — oy Y20+ 7oy —

=Y (X, + YiB)Xio + (Yiay, — XiB)Yigldw = 0.
i=2

o Letting 8 =~ = 0, by integration apart, we obtain

9 pgpd
== [y ter

o If E is strongly perimeter minimizing, o, = ¥ for any test function
¥ € C2°(Dy)2), then we have

0—/ IAgpdw.
D
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Open questions

@ Quantitative rates for the convergence to the blow-up profile.
@ Possible decay estimate from this PDE.
@ Higher-step Carnot groups: does an analogue of 0, Agp = 0 persist?
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